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The terminal nodes of a binary tree classifier represent discrete classes to be recognized. In this paper the
classes are considered to be fuzzy sets in which a specific sample can belong to more than one class with different
degrees of membership. The terminal nodes is this case will contain information about the degrees to which test
samples belong to particular classes. This will alow the development of a regression tree in which a continuous
output value such as the control signal of afuzzy controller can be learned. In addition to the classes being fuzzy
sets each node of the regression tree is made fuzzy by associating a membership function with the fuzzy sets
feature value < threshold and feature value >= threshold. The output value is found by dropping the input
measurement vector through the tree in which it will, in general, take both paths at each node with a weighting
factor determined by the node membership functions. The crisp output value (defuzzification) is a weighted sum of
the class values associated with the terminal nodes. The splitting criteria for each tree node is based on the use of a
fuzzy cumulative distribution function, which is a generalization of the Kolmogorov-Smirnov (K-S) distance
suitable for multiple classes. The splitting of nodes is terminated when all training samples belonging to a given
node have their maximum degree of membership associated with a given class. Large decision trees are typically
pruned to provide better classification accuracy when used with test data. A stock market prediction example is
used to show that making a large fuzzy tree is an attractive alternative to pruning. Fuzzy classification and
regression trees can be considered to be a fuzzy neural network in which the structure of the network is learned
rather than the weights. Such neuro-fuzzy classification and regression trees should lend themselves to efficient
implementation in aVLSI chip in which each test sample can propagate through all paths simultaneously.

I ntroduction

Lotfi Zadeh introduced the term fuzzy setsin 1965 [1]. Neural nets have been combined with fuzzy logic
in an attempt to introduce some type of learning to the design of fuzzy controllers [2-3]. While fuzzy rules are
generaly in the form of easily understood if ... then statements, neural net rules are in the form of an obscure
collection of node connection weights. For this reason fuzzy logic and neural nets are generally considered to be
complementary areas of research [4]. This paper describes a method of using classification and regression trees as
the method of learning fuzzy rules directly. The binary trees are also a direct method of fuzzy inference and
defuzzification providing an alternative to both neural networks and conventiona fuzzy inference systems. The
method provides automatic feature selection in the sense that unimportant features simply do not show up in the
trees. The resulting classification or regression tree can be considered to be a neural network in which the weights
are not learned during training but rather it is the structure of the network that is learned. The weights associated
with each link in the tree (network) are a function of the fuzziness of the tree and the values of the weights depend
only on the values of the test data presented to the network. The resulting neuro-fuzzy regression tree can be
implemented in a VLSI chip. In addition to applications in fuzzy control, such neuro-fuzzy regression trees are
well suited for al types of pattern classification problems. An example of using fuzzy regression trees in
conjunction with a stock market investment strategy will be described to illustrate the advantages of fuzzifying the
trees rather than pruning them.



Binary Tree Classifiers

In abinary tree classifier a decision is made at each non-terminal node of the tree based upon the value of
one of many possible attributes or features [5, 6]. If the feature value is less than some threshold then the left
branch of the tree is taken, otherwise the right branch istaken. The leaves, or terminal nodes, of the tree represent
the various classes to be recognized. If the classes to be recognized are distinct, we will refer to the tree as a
classification tree. If a continuous output variable is to be predicted, we will refer to the tree as a regression tree.
The method developed in this paper can be used to learn both classification and regression trees.

Node spitting criteria

The main problem in designing a binary tree classifier is to determine what feature and threshold value to
use at each non-terminal node based upon a set of sample training data. A related problem is deciding when to
stop splitting the nodes and assigning a class label to a termina node. The most common methods used to
determine the splitting at a tree node are information theoretic methods that try, in some sense, to reduce the
uncertainty of the class membership at each node by the largest amount possible [7, 8, 9]. These are often referred
to as entropy minimization techniques.
An alternate approach to splitting the tree nodes uses the Kolmogorov-Smirnoff (K-S) distance between two
distributions [10, 11]. While this method has proved to be useful for two classes, its generaization to the
multiclass case has previoudy involved the generation of multiple decision trees that separate one class from all the
rest. We have used a generalization of this method for the multiclass case that generates only a single decision tree
by introducing a generalization of the Kolmogorov-Smirnoff distance for multiple classes [12, 13, 14].
Consider a pattern recognition problem involving M classes. Let x be the measurement vector x;, i = 1, .., N. At
each node of the tree one of the features x is selected and a threshold value ay is chosen. To begin with assume
that each sample belongs to a single class with degree of membership equal to 1. For each feature x, the one-
dimensional cumulative distribution function (cdf) Fix(as) is the probability that the measurement x is less than ay
given that the classis G;. If

n; = number of samples of class C; for which x < a
N; = total humber of samples of class C;

then F(a) can be estimated as n;/N..
In the fuzzy case, each sample j can belong to any number of classes C; to varying degrees p;;. Let

S = 8w
i

be the sum of the membership functions for class C; over al samples, and let

2 ....C
S=  aHj
j(xk<ag)

be the sum of the membership functions for class C; over those samples for which x < a,. We can then define a
fuzzy cumulative distribution function, Fi*(a,), analogous to the probability cdf, which can be estimated as

Fik=

w|a

Note that F;¥ is no longer the probability that x, < a for class C; because each sample does not belong to a single
class. Rather it represents, in a sense, the degree to which all samples with x, < a, belong to class C;. It reducesto
the probability cdf when p;;°= 0 or 1 for all samples.



The feature and threshold at each node in the tree are selected as follows. Let M be the number of classes
and Hy be the sequence of F¥, i = 1,M ordered in ascending order of F*. Let Hy* be the components of the
sequence y That is, H1k isthe smallest value of Fik and HMK is the largest value of Fik. Let

Dk(ak) = maxq | Hgk—Hg+1k |, g =1, M-1.

The maximum value of Dk as a function of ak, denoted by Dk*, occurs at some value ak*. Let the maximum value
of Dk* over all features xk be denoted by D*. At each node the feature used is that feature which produces the
maximum value D* and the corresponding value of ak* is used as the threshold. Dk* reduces to max(ak) | F1k —
F2k | in the crisp two-class case which is the Kolmaogorov-Smirnov distance between the two distributions.

The splitting of nodes is terminated when all training samples belonging to a given node have their maximum
degree of membership associated with a given class. That is, for all samples|j within a given node, the maximum
over i of pijc occurs for the same value of i.

Fuzzy nodes

In a binary classification tree an error occurs when a test sample takes the wrong branch while being
classified by the decision tree. This can occur for two reasons. First the test sample is subject to various sources of
noise in measuring its feature vector values. For feature values near the threshold of a particular tree node, this
could lead to a value on the wrong side of the threshold. Secondly, because only a limited number of training
samples were used to produce the decision tree, and these training samples were subject to their own measurement
errors, the value of the threshold used in a decision node can be dightly different from its "true" value.

This error problem can be alleviated by making the decision tree a fuzzy decision tree in which the
decision at each node is a fuzzy set and each branch from the decision node is given a weight equal to the degree to
which a given test sample is a member of the appropriate fuzzy set. We will let the fuzzy setsx <a and x >=abe
given by the membership functions shown in Figure 1.

The left branch from a node has the weight, wi, given by the membership function X < a associated
with it, and the right branch from a node has the weight, wr, given by the membership function x >= a associated
with it. When a test sample is being classified, both branches from the node are followed with the appropriate
weight associated with each branch depending on the value of x. Note that if x is more than Da from the threshold
a, the weight value will be either 1 or 0. If x islessthan Da from the threshold a, the weight value will be between
Oand 1.
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Figure1l Fuzzy logic membership functionsfor x<aand x >=a



The value Da shown in Figure 1 is determined by a single user-defined parameter, p, called the fuzzy
percent. The parameter p is the percent of the full range of values for a given feature within the subspace
associated with a particular node. For example, if feature xi has values ranging from xij- to xij+in node j, then Da
is given by

Da = p(xij+ — xij-)/100

The fuzzy percent, p, is a measure of the fuzziness of the resulting tree. Increasing this fuzzy percent tends to
improve the performance of real-world problems as will be shown in the stock market example at the end of this

paper.

Defuzzification of class values

The weights for each branch in a given path of the binary tree are combined using the fuzzy logic
connective AND by taking the minimum value of al weightsin a given path. The resulting weight associated with
the kth terminal node will be denoted as wk. For each terminal node k, let <p>ki be the average degrees of
membership in classi of all training samples associated with that node. Note that the largest value of <p>ki will
occur for the class label i for which all samples in the node have a maximum value of pijc, inasmuch as this was
the criteria for stopping the node splitting and producing a terminal node. If there are M classes then each path
down the decision tree to a terminal node will represent M fuzzy rules corresponding to the M class consequents
with degrees of membership <p>ki. The weight associated with the kth terminal node as the result of dropping a
test sample measurement vector through the tree is wk as discussed in the previous section. Thus, each terminal
node will contribute wk<p>ki to the degree of membership of the test vector in classi.
One may also want to weight this degree of membership with the number of training samples that contributed to
the terminal node. This would represent the idea that a terminal node resulting from 50 training samples ought to
count more than a terminal node resulting from a single training sample. Let nk be the number of training samples
ending up in the kth terminal node. If N is the total number of samples used to train the tree then gk = nk/N is a
measure of the quality of node k in classifying a sample. gk can be thought of as an a priori probability that a test
sample will end up in terminal node k. We would then consider that each terminal node in the tree will contribute
gkwk<p>ki to the degree of membership of the test vector in classi. The total degree of membership of the test
vector in classi is given by

K
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where K is the number of terminal nodes. The test sample would be assigned to the class with the maximum value
of Wi.

For a fuzzy regression tree used to predict a continuous output value, the M classes are defined by fuzzy
set membership functions with centroids ci. The degree of membership of a test vector in classi is still given by
Eq. (1) and the crisp output value can be found from
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A decision tree built with large quantities of data can be very large, often containing hundreds of terminal
nodes. It has been shown in [6], [13] and [15] that improved performance in classifying test data is often achieved
by pruning an initial large decision tree. This is because aterminal node that contains, for example, only a single
training sample may represent a sample that is not statistically significant and not representative of future test
samples. Particularly if its sibling terminal node contains many training samples, it is best to prune this single-
sample terminal node and direct all future test samples to the more populous sibling node. The weighting factor gk
in Eq. (1) isin some way designed to address these statistically insignificant training samples.

For several years | have used a technique for pruning crisp classification trees which always seemed to
improve the performance when applied to test data [13]. The technique is simply to prune any terminal node that
contains only n training samples, where the prune number, n, istypicaly 1 to 5, depending on the size of the tree.
This has the effect of eliminating weak terminal nodes in favor of their stronger siblings whose class prediction is
based on alarger number of training samples.

While this method seems to work it is a rather drastic technique in the sense of possibly throwing away
important information in the pruned nodes. More recent experiments have shown that making the tree fuzzy when
presented with test data using the technique illustrated in Figure 1 generally has a more beneficial effect than
pruning the trees. These two methods will be directly compared in a stock market prediction problem described at
the end of this paper.

Neur o-Fuzzy Classification Networ ks

An example of a crisp classification tree in which each sample is characterized by two features, x1 and x2,
and belongs to one of three distinct classesis shown in Figure 2. The classification rule can be stated as

IF x1 < a

THEN IF x2 < b
THEN cl ass 2
ELSE class 1

ELSE class 3
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Figure2 Example of a3-class classification tree



Now assume that each sample can belong to all classes to varying degrees. The same tree might result,
but in this case the samples in each terminal node will have a degree of membership in all classes characterized by
<p>ki, the average degree of membership in classi for all samples in terminal node k. If the tree is made fuzzy
using the fuzzy sets in Figure 1 then a test sample dropped through the tree will, in general, end up in more than
one terminal node and Eqg. 1 is used to find the degree of membership in each class. If the classes are fuzzy
numbers representing a continuous output then Eq. 2 is used to predict a crisp output.

The fuzzy classification tree resulting from Figure 2 can be represented as the neuro-fuzzy network shown
in Figure 3. Each neuron in this network represents one of the nodes in the classification tree and has two inputs
and two outputs. One input is always one of the network inputs xi and the other input is a weight value coming, in
general, from another neuron. Each neuron is a fuzzy neuron of the type shown in Figure 4 where the output
weights depend only on the value of the input x and the threshold a.

Note that in the neuro-fuzzy classification tree shown in Figure 3 it is the structure of the tree that is
learned from the training data rather than the weights. The values of the weights vary from test sample to test
sample and are determined only when atest sample is dropped through the tree.

The neuro-fuzzy classification tree shown in Figures 3 and 4 should lend itself to efficient implementation in an
FPGA or VLSI chip [16]. This could be useful for large trees in which each test sample can propagate through all
paths simultaneously.
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Figure4 A classification tree fuzzy neuron



Example: Stock Sector Predictions

As an example a series of experiments were conducted with the goal of determining which of 31 Fidelity
select stock funds one should be invested in during any particular quarter to maximize overall portfolio return.
These select funds each invest in a particular market sector such as computers, energy, autos, financial services,
health, retail, etc. It is not uncommon for the fund that has the best return in one quarter to be near the bottom of
the list the next quarter. Thus, the goal was to predict the ranking of the 31 funds 13 weeks into the future. The
resulting percent gain was taken to be the average return one would earn by investing equally in the top 7 from the
predicted list.

A separate regression tree was created for each of the 31 funds and used to predict that fund's 13-week
percent gain. A 13-week exponential moving average was applied to the original weekly net asset value data.
Seven features were used to train each tree. These included the four 13-week percent gains at the current time, t0,
aswell as at times t0 — 4, t0 — 13, and t0 — 26. The other three features were the changes in 13-week percent
gains from the current time to 4, 13 and 26 weeks ago. These seven features were used to predict the percent gain
at timet0 + 13.

Four years of weekly training data were used for the years 1991 — 1994. The resulting regression trees
were then used to predict the percent gain during the first 13 weeks of 1995 for each fund and the funds were then
ranked. If one invested in all 31 select stocks during these first 13 weeks of 1995 the average total return would
have been 10.9%. (The corresponding gain in the S& P 500 was 8.6%.) Investing in the top 7 funds predicted by
the 31 regression trees would produce the predicted percent gains shown in Figure 5. Note in Figure 5a that
increasing the prune number from O to 3 increases the percent gain from 12.8% to 14.3%. On the other hand by
making the trees 30% fuzzy the percent gain increases from 12.8% to 17.5%. This is over twice the gain of the
S& P 500 for the same 13-week period.
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Figure5 13-week percent gain vs. prune number and fuzzy percent



Conclusion

This paper has shown that classification and regression trees can be made fuzzy in two ways. First each

sample can belong to different classes to varying degrees. Secondly, the splitting criteria at each node in the tree,
Xi < a, is considered to be afuzzy set. Experience has shown that introducing these fuzzy constructs improves the
performance of classification and regression trees. The fuzzy classification tree can be considered to be a fuzzy
neural network in which it is the structure of the network that is learned rather than the weights. The weightsin
the network depend only on the value of the input to the network. The neuro-fuzzy classification tree should lend
itself to efficient implementation in a VLSI chip [16]. Such neuro-fuzzy classification and regression trees have
the advantages of both fuzzy systems and neural networks without the associated disadvantages.
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